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Diffusion Process - discrete formulation (DDPM)
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Advantages

o High quality samples

o Stable/easy training (e.g., contrary to GANs)

o Equivalence between multiple approaches
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Disadvantages

o Lots of diffusion steps ng > 1

o Mode collapse, especially with high class imbalance

o What if initial data distribution is heavy tailed (no variance)?
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Proposal - change noising distribution

@ Some previous work on other noise distributions exist

o Generalized Gaussian distributions ([DSL21])
o Gamma distributions ([NRW21])

@ But show little success

o No true time reversal
o Hard sampling
e Hard training

@ We advocate for the a-stable Lévy distributions: generalize Gaussian with heavy tails.

©

Lévy-Ito Models (LIM) have been proposed recently ([Yoo+23])

o Continuous time formulation
o But show limitations...



Introduction on Diffusion Models
oooo0e

Proposal - alpha-stable heavy-tailed distribution

Explored solution: use heavy-tailed distributions for noising/denoising

o Tackles the problem of generating a heavy-tailed data distribution.

o Less diffusion steps.

@ Improvements on mode collapse and class imbalance.

Large jumps benefit the exploration of the data space?
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a-stable Lévy distributions
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(a) Symmetric a-Stable distribution, varying o
[Wik24]

Forward SDE Reverse SDE )
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(b) Lévy Process vs Brownian Motion (¢ = 2) [Yoo+23]
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Definition and properties
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Notable special cases

o (8 =0,u=0): will be denoted S,(0, o).

o (a=2): Su(0,0) = N(0,257).

o (a=1): 84(0,1) is the Cauchy distribution.
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Definition and properties
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(a) B=0,u =0,0 =1, varying a [Wik24]

(b) @ =0.5, 4 = 0,0 =1, varying 8 [Wik24]
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Gaussian Trick
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Gaussian Trick

Let A~ S./21(0,ca), and Z ~ N(0,1), where ca := cos’*(mer/4). Then

AY27 ~ 8,(0,1) . (1) |

o Defines many types of higher dimensional heavy tailed distributions.
o Isotropic noise. Draw a single A ~ S,/,1(0, ca), draw Z ~ N(0,1,), and compute
AV?7. (2)

o Non-isotropic (independent) noise. Draw a sequence {A;}¢; i.i.d., draw Z~ N(0,1), and
compute
Ao Z. (3)
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Sampling an alpha-stable random variable

o CMS algorithm (J.M. Chambers, C.L. Mallows and B.W. Stuck).
o Generate U~ U ([—7/2,7/2]), and W ~ £(1).
o (o # 1) Compute:

in(a @ o
X= (14 (2)/2as C(OSEZ)T/?) (COS(U W(U+§))> (4)
o (a =1) Compute:
X:% {(ngﬁU) tan(U) — B log (%ﬁ%ﬂﬂ ©
o with
. % | . {i arctan(—¢) Z i 1 (6)

o Then, X ~ 8, ,3(0,1). When a = 2,3 =0, this is the Box-Muller algorithm.
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Different multidimensional heavy-tailed distributions

Gaussian non-isotropic a=1.5 isotropic a=1.5
Ry AR

=20 0 20 -20 0 20 -20 0 20

Figure: Different multidimensional heavy-tailed noise distributions, Gaussian vs o = 1.5 [Yoo+23]
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Forward Process - first approach
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Forward Process - first approach

o The distribution of X; given Xj is given for any t by

th’yl—nxo + 015 t€t (7)

where & ~ 8!, (0,14), and 71+, 01—+ are given by:

t t « 1/
Vst = H’Yt, 015t = <Z (’yl_}tﬁi) ) . (8)
i=1 i

Py Y1—i
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Backward Process - first approach

o Consider {X:};2, the forward process defined earlier. We want to model and approximate the
backward process similarly:

1
<Eg:nS (XO:HS) = ?25 (an) H <E(Zfl\t‘(xf—dxf) ’ (9)

t=ng

such that ?f_llt R Pe—1)e(Xe—1|xt), with p,_q); the density of the distribution of X;_; given X.

® pre—1(Xe|xt—1), prjo(xe|x0) have analytical expressions. No known techniques to characterize

Pe—1je(xe—1|xt) ;  Pe—1je,0(Xe—1]Xt, X0) (10)

o How to design the approximation for the backward process?

@ Our approach: using data augmentation and the "Gaussian trick”
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Forward process - data augmentation approach
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Forward process - data augmentation approach

o The distribution of Y; given Yy, {A:}=, is characterized by the following:

Yed v Yo + T1oe(Ar) G, (11)

where G; ~ N(0,1,), and

ng t 2
Yi—t = H’Yk, zlat(Al:t) = Z (b\/ Ak0k> . (12)

k=1 o1 \ 1ok
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Forward process - data augmentation approach
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Backward process - data augmentation approach
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Backward process - data augmentation approach

o Let's consider {Y:}=,, and condition on {A}7;. Then:

Pe—1)t,0,a(Ve—1|Ye, Y0, aring ) = Pa(ye—1; Be—1(¥e, Yo, a1:t), Le—1(a1e)) » (13)
where ¢y is the density of the standard Gaussian, and

~ 1
mFl(}’t,}’O, al:t) = ’7 (}/t - rt(a1;t)01a:6:(yr,yo)) 5 Zt—l(alzt) = rt(al:t)zlﬁtfl(al:tfl) s (14)
t

with

t 2 2
Yt — Y71-t)0 Vit YeXise-1(ae—1)
= p ait) = E va MN(aye) =1-—0c—F——75—.
et(yt; o) o1se o(a:) — (’71—>k mk) JRECD Yise(ane)

(15)
Note that I'; is bounded: 0 < I'; < 1.
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Backward process - model
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Reminder: Loss function - Gaussian case

o Consider the KL loss .2 : 6 — KL(p.|'q?):

ZP0) < L2 + izﬁl(e) + 2°00)+ C (16)

t=2

where Cis a constant that does not depend on 6, and

23 = E[KL (pgo(-1X0) [N (0,01+.1))] (17)
2 (0) = —E [log (‘73:(%lx1) )| (18)
L21(0) = E [KL (pi-sjo.-1X0. X TL(1X0) ] - (19)

o For a fixed variance ff,l =% 1, with £:4 given in (14), one resorts to optimize a convenient
loss function:

»lel( ) = Aellfie—1(x, x0) — mt 1(Xt)|\27 (20)

where \¢, fi; depend on the noise schedule (vt 0¢) and xe, xo.
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Loss function - alpha-stable case

@ A naive solution: by Jensen's inequality:
KL(p«['q8) < E (KL [ps ()T (-|Arn)]) - (21)

o As we see in (20), this expression would involve taking expectation of Ay

o However, it is distributed as S, /2,1(0, ca) and admits no first order moment.
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Loss function - alpha-stable case

o We consider the following loss function:

Ns 1/2
ZM(0) =E Z(z&l(e,Alms» . where (22)
t=2
LE0, Arn) i= B [KL (pesjeoa1Ye Yo, Aun) | Grjeal1Ve Arn)) [Arn ] o (23)

and p;_1j0,;,» denotes the conditional density of Y:—1 given Yo, Y; and Ar.,,.

@ Since p;_1jt,0,, and ?f—l\t,a are Gaussian (thanks to the conditioning), the KL term has a
closed-form formula, as in the case of DDPM.
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Loss function - design choice D1

o Recall we considered the following model:

Teanrabe) = [ Thgeaeerle ain) W (210 dans, (24)

with
%f—l\t,a(xt—ﬂxﬁ atn,) = Galye-1 | fﬁffl(.ytv atn, ), fol(alzns)) ) (25)

where ¢y is the density of the d-dimensional Gaussian distribution.
o D1. We set a fixed variance if(al;t) = it(am)

o Recall:

Pe—1]t,0,a(Ye—1]¥t: Y0, a1:n, ) = a(ye—1;Be—1(yt, Yo, a1:t), Le—1(art)) , (26)
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Loss function - design choice D2

o D2. Since 1
Iﬁt—l(yt, Yo, Al:ns) = ; (Yt - Ulﬁ»rrt(Al:nb)Gt( Yh YO)) s (27)
t

we parameterize f?_; using &2

27 1 (Ye, Are) = % <Yt — oA (Ye, Am)) . (28)
o Then, £%, becomes
LL1(0) = E [Xer e (Ve Avn,) — e Yo YOI (29)
where
Ner, = 1T g (v vo) = Yo (30)

2’Ytit71 01—t
o We will stick to the common choice of choosing A = 1 [Yan+24].

@ Other choices and optimizations are left to further work.
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Loss function - design choice D3

o D3. We drop the dependency of ¢/ on {A:}?,. Thus & only depends on t, Y;

o Better performance in our experiments, allows further tricks, and enables one to re-use existing
neural network architectures.
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Simplified loss function - alpha-stable case

o With the design choices D1, D2, D3, we obtain the simplified denoising objective function:

fﬁj;“?‘e(e):E{E(H@f(m—ef(yh Yo)l? | A1;NS>1/2} Cte(en) (D)

with Gt ~ N(O, Id)v At ~ 30/2,1(07 CA),

Y: — Y.
Ye=71-:Yo + ):1—>t(A1:t)1/2Gt , e(Ye, Yo) = % (32)
1—t
X 1 N .
mf—l(yt, Al:t) = ; (Yt - Ul%trt(Al:t)Ef(Yt)) 5 Zf—l(Al:t) = rt(Al:t)zlﬁtfl(Al:tfl) 5 (33)
t

where

t—1 2
Y1 1 A1 t— 1 Z <% vV Ak0k> s zlat(Al:t) = UfAr +7$zl—>t71(A1:t71) 5 (34)
k=1 -

V11 (Aree 1)

and N, =1—
' 1o e(Are)



DLPM: Heavy-Tailed Denoising Diffusion
0000000000000 000e00

Bonus - faster sampling

@ Assume the design choices D1, D2, D3 are satisfied. Then one can obtain the following simplified
denoising objective function:

] - _ _ 1/2
ztilTPIeLesb(e) -k |:]E (Hé\f(zt) _ Et(Zh ZO)H2 | At—17At):| R te {27 N 7I’)S} (35)

with Gt ~ N(O, Id). /_4t, Atfl ~ S(¥/2,1(07 CA)'

_ Zy — Z
VAR ’Yl—>tZO + 221/2(At,t—1)Gt 5 Et(Zh ZO) = % s
—t
(36)
N A 1 (A Al & A 1A ! A
812 Aci) = - (Ze— oA )E(2)) 5 EL1(Ager) = MilAee )T 1(Aea)
t
(37)
where _ _ _ _ _
Z/t—l(At*—l) = O’%*)tflAtfh z;(At,t—l) = UfAt + 7?2271(/41’71) s (38)

_ VTt 1 (A1)

and (A, Aim1) =1 _
n t( ty, At 1) z/t(At,t—l)
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Bonus - faster sampling

@ Assume the design choices D1, D2, D3 are satisfied. Then one can obtain the following simplified
denoising objective function:

i ) _ _\71/2
23t (0) =B [E (1&(2) - (2 2)I7 | At A tef2nd| (39)

o Essentially A= A and 02, 1 Ar 1251 4 1(Are1).

@ Much cheaper than sampling Y; given Yo (must sample A;.; for each datapoint).
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DLIM - Denoising Lévy Implicit Models

o We obtain a deterministic sampling process, with the same techniques as in DDIM ([SME20]).

o The process {Z:}%, is such that:

Zo~ pi s Zng ~ Sa (1120, 015n14) , and (40)
Zt—l = 'yl_”_lZo —+ (Ula*)t,]. — p?)l/&et(zt, ZO) =+ ptA1/2Gt 5 (41)

with {G¢}e2; iid. NV(0,1q), {Ac}s; iid. Say2,1(0, ca), and {p¢}=; an alternative noise schedule.

o Designed such that Z;|Z, < Y:| Yo for t€ {1, -, ns}.

o One can use the same model &/(Z:) ~ e:(Z:, Zy) trained for DLPM.



LIM: Levy-Ito Models
@00000

LIM vs DLPM

https://openreview.net/forum?id=0Wp3VHX0Gm

@ LIM is the continuous time competition: extending the SDE formulation to Levy processes.

o DLPM leverages the flexibility of the discrete formulation for diffusion.

@ Much simpler and accessible theory.

o Different training loss, different sampling algorithms for the backward process.


https://openreview.net/forum?id=0Wp3VHX0Gm
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LIM - forward

@ The forward process X:, with Xy ~ py, is written
dX; = v(t, Xe—)dt + o(t)dLy, (42)
where X;— denotes the left limit of X at time t. LIM only defines scale-preserving schedule:

Wt )= D, ol =8 (43)

o Similarly, one can explicitly characterize the distribution of X; given Xo:

Xe 4 Y1-:Xo + 0154€ (44)

where €; ~ Sia (0,14). The values of the continuous v1—: and o1+ match with their previous
definition on integer timesteps.
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@ We consider the following backward process X;:
— “— o — () — _ _
dXt = (7’7(t, Xt+)+a0' (t, Xt+)5t (Xt+)> dt+ U(t)dLat+ dZt (45)

where
o Z; is the backward version of a Levy-type stochastic integral Z; s.t E[Z;] = 0 with finite variation
° S(ta) is the fractional score function:
a—2
A2V
S = BP0 (46)
pe(x)
where A"/2 is the fractional Laplacian of order /2, defined with Fourier transform F:

A2 fx) = FH |l "F{f(u)} - (47)
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LIM - training

@ The true score SEQ)(XL»|X0) can be expressed as

S (xelx0) = — ———~€e(xe, o), (48)
1—t )
where e¢(xt, x0) = #1220, thus we re-parametrize
1
So(xe, t) = ————1— & (%, %), (49)
aoy, (1)

so that we rather work with &7.

@ Training loss obtained using denoising score matching technique:

L:0— Elso(Xe, £) — S (X%, L' 6 E|lsa(Xe, t) — SO(Xe| X0, (50)

are equivalent objective functions, with sy the score approximation given by the model.
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LIM vs DLPM - forwa

With {G}i_,. ii.d. N(0,14), {€:}iep, ii.d. S, (0,14), and &/ the model at time t:

Stochastic Deterministic

0 _ 0 jEet
Continuous (LIM) X wéf + (% — 1)V, X (b - 017“) &l

Ve e oh Ve Ve ot
7
Y? Yo
Denoising (DLPM) — Two158) 4T X151 G, — (@ - UHH> &l
Yt Yt Yt

o Stochastic sampling Different sampling procedures. Moreover:

@ When a =2, 0 <l <1 becomes deterministic, and one recovers DDPM formulas
@ T': brings additional stochasticity
© ¢ scales (i) the noise added at time t — 1 (ii) the output of the noise model.

o Deterministic sampling Different sampling procedures.
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LIM vs DLPM - training

o Alike the Gaussian case (a = 2), the score S(ta)(xt|xo) is a linear expression of the noise term:

- 1
S (xalx0) = = — g edlx, %) 4 (51)
aalﬂt(t)
leading to a similar denoising loss:
Li1: 0 E (JJE(X) = ee(Xe, XII7) (52)

o DLPM: use p=2and n=1.

o LIM (theory): use p =2 and n = 2, for denoising score matching loss equivalence. But €:( X, Xo)
is heavy-tailed: no variance!

@ LIM (experiments): use p =1 and n = 1. Indicates potential shortcoming of the theoretical
approach.
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@ Our loss function
Simplc ~0 2 1/2
z ZE (IE20Y) = Yo, Yo)IP | Av,) (53)

involves an expectation with respect to A;.,.. We propose the median-of-means estimator
([LM19]), denoted by DLPMs (M = 5).

o We experiment with non-isotropic diffusion DLPM™.

o We consider the range 1.5 < a < 2.0, otherwise training/sampling get unstable.

o We use the CIFAR10_LT (long tail), unbalanced modification of the CIFAR10 ([Yoo+23]).
o Class count: [5000,2997, 1796, 1077, 645, 387, 232, 139, 83, 50].
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2D data - covering the dataset and capturing heavy-tails

o Dataset 20000 samples of S}, (0,0.05 - I,), with o = 1.7.

@ Main challenge: cover the dataset and correctly capture the tails.

DLPM, a=1.7 DLPM, a=2.0

" 4+,
% } b _'+‘-+' .'.+t s
4 “‘:l {: A
+ .'+". ‘ : +
3 P
o .
Loty X .
+ Original data + Original data
Generated data Generated data
+ o '
(a) DLPM with a = 1.7 (b) DLPM with a = 2.0

(DDPM)

@ The lighter tailed process fails to capture the distribution’s tail.
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2D data - covering the dataset and capturing heavy-tails

o Drawing inspiration from [AGG22], we define the MSLE:
' 1 1,42
MSLE(¢) =/ (IogF (p) —log F~ (p)) dp, (54)
13

where F, F denote respectively the cdf of the true data and the generated data.

Method 1.7 1.8 19 2.0
DLPM 0.071 £ 0.028 0.099 + 0.044 0.132 +0.101 0.798 + 0.601
LIM 0.267 &= 0.077 0.653 £ 0.413  2.444 £ 1.067 1.239 £ 0.240

Table: MSLE¢—q.95 | averaged over 20 runs
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2D data - managing class imbalance

o Dataset Mixture of nine Gaussian distributions arranged in a grid
9
Z W,'./\/’(,u,,'7 0.052 . 12) . (55)
i=1

Mixture weights range from .01 to .3: {.01,.02,.02,.05,.05,.1,.1,.15,.2,.3}.

@ Main challenge: correctly guess the mixture weights

L Method o —1.7 a=18 a=19 a=20
DLPM  0.78 + 0.04 075+ 005 075+ 004 0.71 + 0.03
® & DLPMs 0.79 +0.03 0.77 + 008 0.80 =005 060 + 0.05
DLPM™ 0714002 077 +005 0.77 4005 0.70 + 0.04
LIM 0724002 0634005 062+002 065+ 002
5 " =

ision-recall
Table: ' = 2 BECBlonTeca. 4 score  averaged over 30 runs
1 precision+recall

Figure: Gaussian grid
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2D data - faster convergence

o DLIM vs LIM-ODE with varying total diffusion steps ns, on the Gaussian grid.
@ Main challenge: get to the data distribution with the smallest ng possible

Figure: LIM-ODE with ng = 5, 10, 25 diffusion steps on the Gaussian grid
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Image data - LIM vs DLPM

o Dataset MNIST and CIFAR10_LT.

@ Convergence speed for the different methods, varying total number of diffusion steps ns.

MNIST CIFAR1O_LT
—— UM-ODE —— UM-ODE
um um
102 1 —— DLPM —— DLPM
— DLIM — DLIM
a o 1077
i [
. 7&&
! !
10! 10° 10° 10! 10° 10°
steps steps

Figure: FID] with varying step size, « = 1.7
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Image data - LIM vs DLPM

MNIST a=15 a=17 a=18 a=19 a=20
LIM 4.075 5.171 6.812 11.202  11.693
DLPMM 44173  14.055 5.739 3.618 -
DLPM; 3.801 3.030 2.506 2.705 -
DLPM 5.392 2.938 2.930 3.237 3.632
LIM-ODE 45717  68.153  85.090 113.196  29.04
DLIMs 14.959 51582 59.841  76.033 -
DLIMs 3.373 2.931 3.440 4.314 -
DLIM 3.376 2.811 3.178 3.273 5.183
CIFAR10_LT

LIM 16.13 16.21 17.67 19.24 21.56
DLPM 16.10 18.00 19.94 20.21 21.07
LIM-ODE 30.170  65.788  84.559  101.704  32.00
DLIM 20.699 20.775 21.967 22.799  23.999

Table: FID|. 1000 sampling steps for LIM and DLPM, and 25 steps for LIM-ODE and DLIM.

o Better performance of DLPM as compared to LIM.

o Better performance with smaller a.
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